A model of the Young double-slit experiment is formulated in a fully quantum theoretical setting. The state and dynamics of a wall which has the double slits in it, as well as the state of a particle incoming to the double slits, are described in quantum theoretical terms. Incompatibility between producing the interference pattern and distinguishing the particle path is studied and their quantitative relation is established. It is argued that the uncertainty relation involved in the double-slit experiment is not the Ozawa-type uncertainty relation but the Kennard-type uncertainty relation of the position and the momentum of the double-slit wall. A possible experiment to test the incompatibility relation is suggested. It is also argued that various phenomena which occur at the interface of a quantum system and a classical system, including measurement, decoherence, interference and distinguishability, can be understood as different aspects of entanglement.
Introduction
The uncertainty relation is one of the best known subjects which manifest the nature of the microscopic world. Although many people have been discussing it for a long time [1, 2, 3, 4, 5, 6, 7, 8] , some confusion about the formulation and the implication of the uncertainty relation remained. Recently, Ozawa [9, 10] put the controversy about the uncertainty relation in order and established a new inequality [11] which expresses a quantitative relation between noise and disturbance in measurement. According to his formulation [11, 12, 13] , a measurement process is described as an interaction process of an observed object and an observing apparatus. Suppose that the object has observables A and B. The apparatus has a meter observable M , which is designed to read the value of A. The whole system is initialized at the time t = 0 and the measurement is made at a later time t. The difference 
are defined with respect to the initial state. Here ε(A) is the noise involved in the measurement of A, η(B) is the disturbance in B caused by the measurement of A, and σ(A) is the standard deviation of A in the initial state. Heisenberg [1] concluded the inequality ε(q) η(p) h (4) for a position q and a momentum p via consideration on his famous thought experiment with a gamma-ray microscope. He stated that the microscope is an example of the destruction of the knowledge of particle's momentum by an apparatus determining its position. Von Neumann [2] constructed a model of a measurement process and proved the inequality ε(q) η(p) ≥ 1 2 , but his proof apparently depended on the specific model. Kennard [3] proved the inequality
in a model-independent manner. Robertson [4] generalized it to prove
for arbitrary observables A and B. Considering their implications, we call (5) and (6) the standard-deviation uncertainty relations or the fluctuation properties intrinsic to quantum states. The Kennard-Robertson inequalities have been regarded as a mathematically rigorous proof of the uncertainty relation but actually they do not represent the physical implication that Heisenberg originally aimed to formulate. Ozawa [11] formulated a general scheme of measurement in a manner more faithful to Heisenberg's philosophy and proved the inequality
He also constructed concrete models [11, 13] that yield ε(q) = 0, η(p) = finite and satisfy (7) but violate (4) . We call (7) the noise-disturbance uncertainty relation or the indetermination involved in a measurement process. On the other hand, interference effect of matter wave, or the particle-wave duality of matter, is another well known peculiarity of quantum mechanics. When a beam of particles is emitted toward a wall that has double slits on it, we observe an interference pattern on a screen behind the wall. If we put some device to detect which slit each particle has passed, then the interference pattern disappears. It is impossible to distinguish the path of each particle without smearing the interference pattern. In some textbooks [14, 15] the fact that distinguishing the particle path and viewing the interference pattern are incompatible is explained as a consequence of the uncertainty relation in this way; if we could know both the position and the momentum of the double-slit wall simultaneously, we can detect which slit each particle has passed without destroying the interference pattern. However, we know that it is impossible.
Although the double-slit experiment is regarded as a pedagogical subject from the viewpoint of modern physics, it remains unclear what kind of uncertainty relation is involved there. It seems an interesting question to ask which of the Kennard inequality or the Ozawa inequality is relevant to the double-slit experiment. This is the question we study in this paper.
In this paper we formulate the double-slit experiment in completely quantum theoretical terms and analyze incompatibility of distinguishing the particle path and viewing the interference pattern. Our conclusion is that the incompatibility is attributed to the Kennard-type uncertainty relation, which is the property intrinsic to the quantum state of the double-slit wall. We also obtain a quantitative relation between the distinguishability and the visibility. We will propose an experiment to test this distinguishability-visibility relation.
Model and its analysis
Here we shall formulate a model of the Young interferometer. As shown in Fig. 1 , a particle is emitted from the source, flies through the double slits on the wall, and arrives at the screen behind the wall. We call each slit as the slit 1 and the slit 2, respectively. They are separated by a distance d. The coordinate axis, which we call the x-axis, is taken to be parallel to the wall and the screen. The wall is movable along the x-axis while the screen is fixed. The coordinate and the momentum along the x-axis of the particle are denoted as (q, p). Similarly, the coordinate and the momentum of the double-slit wall are denoted as (Q, P ). The x-coordinate of the slit 1 is Q + d 2 while the x-coordinate of the slit 2 is Q − d 2 . A position eigenstate of the whole system is |q ⊗ |Q . The initial state of the whole system is assumed to be |initial = |0 ⊗ |Q ,
which implies that the particle is emitted from the origin. When the particle reaches the double slits, the state becomes where k is the x-component of the momentum of the emitted particle. When the particle arrives at the point q on the screen, the state becomes
Then the probability for finding the particle at the position q is proportional to
and hence an interference pattern is observed on the screen. Instead of the position eigenstate |Q of the double-slit wall in (8), we may take a superposed state
to form an initial state |0 ⊗ |ψ . The wave function of the wall is transformed by the Fourier transformation as
The multiplication of e i2kQ/ on |ψ causes a change of the state as
This implies that the momentum of the wall changes as P → P + 2k when the particle hits the slit 1. Thus it is natural to call e i2kQ/ an impact operator. On the other hand, when the particle hits the slit 2, the other impact operator e −i2kQ/ causes a change of the momentum of the wall as P → P − 2k. If we take the initial state |initial = |0 ⊗ |ψ , we get the final state
instead of (10). The probability for finding the particle at q on the screen is proportional to
Hence an interference pattern on the screen is still observed although the contrast of interference fringes is reduced. The visibility V (0 ≤ V ≤ 1) of the interference pattern is given in term of the overlap integral V e iα = ψ (P − 2k)ψ * (P + 2k)dP.
Suppose that we measure the momentum of the wall after observing the particle on the screen. Then the probability distribution of the momentum P is
If the support of the initial wave function |ψ(P )| is contained within the range P 0 − 2k < P < P 0 + 2k for some P 0 , then we can tell the slit through which the particle passes. If the measured momentum is in the range P 0 < P < P 0 + 4k, we can conclude that the particle hit the slit 1. On the other hand, if the measured momentum is in the range P 0 − 4k < P < P 0 , we can conclude that the particle hit the slit 2. However, if the support of |ψ(P )| is contained within P 0 − 2k < P < P 0 + 2k, the overlap integral V , which is defined in (18) , vanishes and hence the interference fringes fade away completely. For the interference pattern to appear, i.e., for the visibility V is nonvanishing, the supports of |ψ(P − 2k)| and |ψ(P + 2k)| should have an overlap with nonzero measure. If this is the case, however, we cannot certainly determine the slit which the particle passed from the measured value of the momentum of the double-slit wall. Actually, the absolute value squared of the overlap integral (18) is the probability for misjudging the slit which the particle passed. Therefore, we conclude the following relation:
(Probability for misjudging the particle path)
which we may call the incompatibility relation between visibility and distinguishability. This is one of main results of this paper. We should mention that Mandel [16] derived a relation between visibility and indistinguishability. His definition of the degree of indistinguishability P ID is different from ours and he proved a relation P ID ≥ V .
We summarize the above argument symbolically as
⇒ supp |ψ(P − 2k)| ∩ supp |ψ(P + 2k)| has nonzero measure.
⇔ Path of the particle cannot be distinguished completely by measuring the momentum of the wall.
In the above inference, the second arrow (⇒) cannot be replaced with the necessary and sufficient sign (⇔). For example, if we take the wave functioñ
then the supports of |ψ(P − 2k)| and |ψ(P + 2k)| have an overlap with nonzero measure but the integral V vanishes.
Uncertainty relation
Now we discuss what kind of uncertainty relation is involved in the double-slit experiment. The probability (17) can be also calculated using the first line of (16) as
Thus the interference pattern (11) is smeared by convolution with the probability distribution |ψ(Q)| 2 . Let ∆Q denote an effective width of the distribution |ψ(Q)| 2 . (A rigorous definition of ∆Q is not necessary for the following argument.) To observe a clear interference, we need to have 4k ∆Q/ π.
On the other hand, to distinguish the slit through which the particle passes, we need to have the initial momentum distribution of the double-slit wall contained within the range
Hence, to observe a clear interference and to distinguish the path of the particle simultaneously, we need to have ∆Q ∆P π . As a contraposition, the uncertainty relation ∆Q ∆P π (26) implies that making a clear interference pattern and detecting the particle path cannot be accomplished simultaneously. This uncertainty relation (26) is a property of the initial state of the double-slit wall and it is not a relation between noise and disturbance caused by measurement. Hence, we conclude that what the double-slit experiment confirms is the Kennard-type uncertainty relation that is intrinsic to the quantum state of the double-slit wall. This is the main result of this paper. It is to be noted that this result is a conclusion of an analysis of the specific model. We do not have to take it as a universally valid statement.
Suggestions for experiments
Here we would like to suggest an experimental scheme to test the interference-distinguishability relation (20) . Our scheme uses the Michelson interferometer as illustrated in Fig. 2 . A photon is emitted from a light source (a) and is split by a beam splitter (b) in two directions. At the end (c) of one direction an atom or a molecule is placed. The incident photon is scattered by the atom and the atom recoils. At the other end (d) a mirror is fixed. The split photon paths merge at the beam splitter (b) and the photon reaches the fixed screen (e). There we observe an interference pattern by accumulating photons. On the other hand, by measuring the velocity of the atom, we can infer the path of the photon; if the atom recoils out, we know that the photon took the path (c); if the atom remains stationary, we know that the photon took the path (d).
If the initial wave function of the atom is strongly localized, he will observe a clear interference pattern but fail to measure the velocity of the atom precisely. If the initial wave function of the atom has a larger spatial extent, he will measure the velocity of the atom with a smaller error but the interference pattern will become feebler. An analysis similar to the previous discussion predicts the semi-quantitative relation (20) between visibility of the interference pattern and distinguishability of the photon path.
We may put a Bose-Einstein condensate (BEC) of atoms at the place (c) instead of a single atom since control and observation of the BEC are more feasible than a single atom.
We can estimate the velocity of the recoil atom. We denote the wave length of the photon as λ and the mass of the target atom as M . Then the photon momentum is k = h/λ and the velocity of the recoil atom is
Assume that the photon wave length is λ = 0.5 × 10 −6 m and that we use a mercury atom as a reflector. Then the recoil velocity is v = 7.9 × 10 −3 m · s −1 . If we use a BEC of 10 4 sodium atoms, the velocity is v = 6.9 × 10 −6 m · s −1 . Furthermore, the argument around Eq. (23) implies that the size of the spread of the atom wave function should be smaller than
for making a clear interference pattern.
In the above we proposed a use of the Michelson interferometer. Other interference experiments, like the Hanbury-Brown-Twiss correlation [19] or the interference of photons from two light sources, which has been demonstrated by Mandel et al. [20] , can also be modified to experiments which demonstrate the tradeoff between interference and distinguishability. It is also to be noted that Plau et al. [21] and Chapman et al. [22] had demonstrated that a change of the momentum distribution of an atom by photon emission or by photon scattering causes a change of spatial coherence of the atom. They had confirmed the Kennard-type uncertainty relation.
Interference and measurement as entanglements
Before closing our discussion we would like to mention that various phenomena which occur at the interface between a quantum system and a classical system, including measurement, decoherence, interference and distinguishability, can be understood on the same footing. It has been known that measurement and decoherence are formulated in the same framework using the concept of operation [12, 13, 17, 18] . Ozawa [23] also clarified a criterion for a precise measurement, which implies a perfect correlation between two noncommuting observables. The relation between the quantum theory and the classical theory and its implication are described and understood more suitably in terms of the micro-macro duality, which was recently proposed by Ojima [24] . Measurement processes are also considered as a kind of entanglement and understood from the viewpoint of the micro-macro duality [24, 25] . However, the formulation and analysis of interference and distinguishability, which we discussed in this paper, is still new. It could be worthwhile to point out that these superficially different phenomena can be described in an unified manner.
Suppose that we have two interacting systems; one is referred as an observed object while the other is referred as an observing apparatus or an environment. The Hilbert space of the observed system is denoted as H and the Hilbert space of the observing system is K . Assume that the state of the whole system is
with normalized vectors |φ i ∈ H and |ψ i ∈ K . Although here we consider a linear combination of only two terms, generalization to a combination of more terms is straightforward. When |φ 1 and |φ 2 are linearly independent and simultaneously |ψ 1 and |ψ 2 are also linearly independent, it is said that the two systems are in an entangled state or that the object is in a mixed state. Otherwise, it is said that the two systems are in a disentangled state or that the object is in a pure state or a coherent state. Suppose that we measure an observable A on H . The probability that the measured value of A will be a is proportional to Prob A (a) ∝ c 1 a|φ 1 2 + c 2 a|φ 2 2 + 2 Re c * 1 c 2 a|φ 1 * a|φ 2 ψ 1 |ψ 2 .
If ψ 1 |ψ 2 = 0, we will observe interference between the states |φ 1 and |φ 2 . The visibility V of the interference is proportional to the absolute value of ψ 1 |ψ 2 . On the other hand, if ψ 1 |ψ 2 = 0, by measuring the state of the apparatus we can certainly judge the state of the object and then the interference completely disappears. As discussed around Eq. (20), for a general value of the visibility V , the probability for failing to judge the object state is proportional to V 2 . Next, suppose that we measure an observable M on K , which may be called a meter observable. The probability that the measured value of M will be m is proportional to Prob M (m) ∝ c 1 m|ψ 1 2 + c 2 m|ψ 2 2 + 2 Re c * 1 c 2 φ 1 |φ 2 m|ψ 1 * m|ψ 2 .
After the measurement the state of the object becomes c 1 |φ 1 m|ψ 1 + c 2 |φ 2 m|ψ 2 .
Then the state of the observed object is disturbed by the measurement. If the meter M is designed to measure A, the difference N = M − A is called a noise. At this time the noise-disturbance uncertainty relation [11] holds.
